Abstract. In this paper we study a 3-fold X ⊂ P 5 that is a complete intersection of two hypersurfaces F n and G k such that n ≥ k and the only singularities of X are ordinary double points. The 3-fold X is called factorial if every surface in X is cut by a hypersurface in P 5 . The factoriality of the 3-fold X is equivalent to a global topological condition rk H 4 (X, Z) = 1, which follows from the Lefschetz theorem in the case when the 3-fold X is smooth. We prove the factoriality of the 3-fold X in the case when the hypersurface G k is smooth and |Sing(X)| ≤ (n+k)(n−1) 5
Introduction.
All varieties are assumed to be projective, normal, and defined over C. Let X be a complete intersection of two hypersurfaces F n and G k in P 5 such that n ≥ k and X is nodal 1 . It is one of the substantial questions whether X is Q-factorial 2 or not.
Remark 1. The Q-factoriality of a nodal 3-fold imposes strong geometrical restriction on its birational geometry. For example, Q-factorial nodal quartic 3-folds are non-rational, but there are rational non-Q-factorial ones (see [7] ).
A three-dimensional ordinary double point admits 2 small resolutions that differs by an ordinary flop. Thus X with k nodes has 2 k small resolutions. Therefore the Q-factoriality of the 3-fold X implies that it has no projective small resolutions.
The Q-factoriality of the 3-fold X is a global topological condition. Indeed, it is equivalent to the equality rk H 4 (X, Z) = 1. The Lefschetz theorem implies the Q-factoriality of the 3-fold X in the case when it is smooth, but the 3-fold X may no longer be Q-factorial in the case when it is singular. Example 2. Let F n and G k be sufficiently general hypersurfaces in P 5 containing a given plane Π ⊂ P 5 . Then X is nodal and non-Q-factorial, the hypersurfaces F n and G k are both smooth, and the equality |Sing(X)| = (n + k − 2) 2 holds.
The following result was proved in [3] .
Theorem 3. Suppose G k is smooth and |Sing(X)| ≤ 3 8 n. Then X is Q-factorial.
In this paper we prove the following result. . Then X is Q-factorial.
The claim of Theorem 4 fails when G k is singular.
Example 5. Let Q ⊂ P 5 be a smooth quadric surface, F 2 be a cone over Q whose vertex is a sufficiently general line L ⊂ P 5 , F n be a sufficiently general hypersurface in P 5 of degree n, and X = F 2 ∩ F n . Then X is a nodal 3-fold of degree 2n, |Sing(X)| = n, but the 1 A 3-fold is called nodal if all its singular points are ordinary double points. 2 A 3-fold is called Q-factorial if a multiple of every Weil divisor on it is a Cartier divisor.
3-fold X is not Q-factorial. Indeed, the surface Ω ∩ F n ⊂ X has degree n < 2n = deg(X), where Ω ⊂ F 2 is a linear subspace spanned by the line L and a ruling of Q.
The claim of Theorem 4 follows from [2] in the case k = 1.
Conjecture 6. Suppose G k is smooth and |Sing(X)| ≤ (n+k−2)
2 . Then X is Q-factorial.
The following result (see Theorem 18 and Remark 19) is due to [4] .
Proposition 7. Suppose G k is smooth. Then X is Q-factorial if the nodes of X impose independent linear conditions on the elements of
Corollary 8. Suppose G k is smooth and |Sing(X)| ≤ 2n + k − 5. Then X is Q-factorial.
The Q-factoriality of the 3-fold X implies
by the Lefschetz theorem. The group Pic(X) has no torsion due to the Lefschetz theorem, but the local class group of an ordinary double point is Z. Thus the group Cl(X) has no torsion as well. Hence the Q-factoriality of X is equivalent to Cl(X) = ZH, where H is a hyperplane section of X. In the latter case every surface in X is a complete intersection.
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Preliminaries.
Let X be a variety and B X = k i=1 a i B i be a boundary 3 on X, where B i is a prime divisor on X and a i ∈ Q. We assume that K X and B X are Q-Cartier 4 divisors.
Definition 9. A log pair (V, B V ) is a log pull back of the log pair (X, B X ) with respect to a birational morphism f : V → X if
, where E i is an f -exceptional divisor and a(X, B X , E i ) ∈ Q. The rational number a(X, B X , E i ) ∈ Q is called a discrepancy of the log pair (X, B X ) in the f -exceptional divisor E i .
Definition 10. A birational morphism f : V → X is called a log resolution of the log pair (X, B X ) if the variety V is smooth and the union of all proper transforms of the divisors B i and all f -exceptional divisors forms a divisor with simple normal crossing.
Definition 11. A proper irreducible subvariety Y ⊂ X is called a center of log canonical singularities of the log pair (X, B X ) if there are a birational morphism f : V → X together with a not necessary f -exceptional divisor E ⊂ V such that E is contained in the support of the effective part of the divisor ⌊B V ⌋ and f (E) = Y . The set of all the centers of log canonical singularities of the log pair (X, B X ) is denoted by LCS(X, B X ).
Definition 12. For a log resolution f : V → X of (X, B X ) the subscheme L(X, B X ) associated to the ideal sheaf I(X,
is called a log canonical singularity subscheme of the log pair (X, B X ).
The support of the log canonical singularity subscheme L(X, B X ) is a union of all elements in the set LCS(X, B X ). The following result is due to [8] .
Theorem 13. Suppose that B X is effective and for some nef and big divisor H on X the divisor
Proof. Let f : W → X be a log resolution of (X, B X ). Then for i > 0
by the relative Kawamata-Viehweg vanishing (see [6] ). The equality
and the degeneration of local-to-global spectral sequence imply that for all i
Consider the following application of Theorem 13.
Lemma 14. Let Σ ⊂ P n be a finite subset, M be a linear system of hypersurfaces of degree k passing through all points of the set Σ. Suppose that the base locus of the linear system M is zero-dimensional. Then the points of the set Σ impose independent linear conditions on the homogeneous forms on P n of degree n(k − 1).
Proof. Let Λ ⊂ P n be a base locus of the linear system M. Then Σ ⊆ Λ and Λ is a finite subset in P n . Now consider sufficiently general different divisors H 1 , . . . , H s in the linear system M for s ≫ 0. Let X = P n and
To prove the claim it is enough to prove that for every point P ∈ Σ there is a hypersurface in P n of degree n(k − 1) that passes through all the points in the set Σ \ P and does not pass through the point P . Let Σ \ P = {P 1 , . . . , P k }, where P i is a point of X = P n , and let f : V → X be a blow up at the points of the set Σ \ P . Then
where
and H is a hyperplane in P n . We have
andP is an isolated center of log canonical singularities of the log pair (V,B V ), because in the neighborhood of the point P the birational morphism f : V → X is an isomorphism. On the other hand, the map
is surjective by Theorem 13. However, in the neighborhood of the pointP the support of the subscheme L(V,B V ) consists just of the pointP . Therefore there is a divisor
that does not pass throughP . Thus the hypersurface f (D) ⊂ P n has degree n(k − 1) and passes through all points of the set Σ \ P and does not pass through the point P ∈ Σ.
The following result is due to [1] .
Theorem 15. Let π : Y → P 2 be the blow up at points P 1 , . . . , P s on P 2 , s ≤
, where d ≥ 3 is a natural number. Then |π
In the case d = 3 the claim of Theorem 15 is nothing but the freeness of the anticanonical linear system of a weak del Pezzo surface of degree 9 − s ≥ 2.
Corollary 16. Let Σ ⊂ P 2 be a finite subset such that the inequality |Σ| ≤ , where d ≥ 3 is a natural number. Then for every point P ∈ P 2 \Σ there is a curve C ⊂ P 2 of degree d that passes through all points in Σ and does not pass through the point P .
The claim of Theorem 15 was strengthen in [5] in the following way.
Theorem 17. Let π : Y → P 2 be the blow up at points P 1 , . . . , P s on P 2 such that
The following result is proved in [4] .
Theorem 18. Let V be a projective smooth 4-fold, X ⊂ V be an ample divisor such that the only singularities of X are ordinary double points and
whereX is a small resolution of the 3-fold X and δ is the number of dependent equations that vanishing at the singular points of the 3-fold X imposes on the global sections of the line bundle
3. The proof of Theorem 4.
In this section we prove Theorem 4. Let X = F n ∩ G k ⊂ P 5 be a complete intersection, where F n and G k are hypersurfaces in P 5 such that n ≥ k and G k is smooth. Suppose that the singularities of the 3-fold X are ordinary double points and |Sing(X)| ≤ (n+k)(n−1) 5
.
Remark 19. The claim of Proposition 7 follows from Theorem 18, because
by the Lefschetz theorem, whereX is a small resolution of the 3-fold X.
Therefore we must show that the nodes of X ⊂ P 5 impose independent linear conditions on homogeneous forms of degree 2n + k − 6 on P 5 . We may assume k ≥ 2 and n ≥ 5, because in the case k = 1 the claim of Theorem 4 follows from [2] , but in the case n ≤ 4 the claim of Theorem 4 is implied by Corollary 8.
Lemma 20. There is a hypersurfaceF n ⊂ P 5 of degree n such that X is a complete intersection ofF n and G k , and Sing(F n ) ⊆ Sing(X).
Proof. Let f n (x 0 , x 1 , x 2 , x 3 , x 4 , x 5 ) = 0 and g k (x 0 , x 1 , x 2 , x 3 , x 4 , x 5 ) = 0 be homogeneous equations of degree n and k that define the hypersurfaces F n ⊂ P 5 and G k ⊂ P 5 respectively, where (x 0 : x 1 : x 2 : x 3 : x 4 : x 5 ) are homogeneous coordinates on P 5 . Put
where λ ∈ C and h n−k is a homogeneous polynomial of degree n − k. The base locus of the linear system L is exactly the 3-fold X. Therefore the Bertini theorem implies the existence of a hypersurfaceF n ⊂ L such that X =F n ∩ G k and Sing(F n ) ⊆ Sing(X).
Therefore we may assume that Sing(F n ) ⊆ Sing(X).
Definition 21. The points of a subset Ω ⊂ P s satisfy the property ∇ if at most t(n − 1) points of the set Ω can lie on a curve in P s of degree t ∈ N.
Let Σ = Sing(X) ⊂ P 5 .
Proposition 22. The points of the subset Σ ⊂ P 5 satisfy the property ∇.
Proof. Let f n (x 0 , x 1 , x 2 , x 3 , x 4 , x 5 ) = 0 be homogeneous equation of degree n that defines the hypersurface F n ⊂ P 5 , where (x 0 : x 1 : x 2 : x 3 : x 4 : x 5 ) are homogeneous coordinates on P 5 . Consider the linear system
The base locus of L is contained in the set Σ. A curve in P 5 of degree t intersects a generic member of L at most t(n − 1) times, which implies the claim.
Fix a point P ∈ Σ. To prove that the points of Σ ⊂ P 5 impose independent linear conditions on homogeneous forms of degree 2n + k − 6 it is enough to construct a hypersurface in P 5 of degree 2n + k − 6 that passes through the points of the set Σ \ P and does not pass through the point P ∈ Σ.
Lemma 23. Suppose Σ ⊂ Π ⊂ P 5 , where Π ∼ = P 2 is a plane. Then there is a hypersurface of degree 2n + k − 6 in P 5 that passes through Σ \ P and does not pass through P ∈ Σ.
Proof. Let us apply Corollary 16 to Σ ⊂ Π and d = 2n + k − 6 ≥ 6. We must check that all hypotheses of Corollary 16 are satisfied in this case. We must show that |Σ \ P | ≤
. Suppose the latter is not true. Then
2 + 9(2n + k − 6) + 16 6 for n ≥ 5 and k ≥ 2. Put A = n + k ≥ 7. Hence we have 0 > (A + n − 6) 2 + 9(A + n − 6) + 16 − 6An = 5A 2 − 3A − 10 + 5n 2 − 3n + 4An ≥ 464, which is a contradiction. Now we must prove that at most t(2n + k − 3 − t) − 2 points of Σ can lie on a curve of degree t ≤ 2n+k−3 2
. However at most t(n − 1) points of the set Σ can lie on a curve of degree t by Proposition 22. In particular in the case t = 1 the required inequality is implied by the inequality d ≥ n − 1. In general case we must prove that
for all t ≤ and t > 1. On the other hand we have
. The latter implies the inequality k ≤ 1, which contradicts our assumption k ≥ 2.
Therefore there is a curve C ⊂ Π of degree 2n + k − 6 that passes trough Σ \ P and does not pass through P by Corollary 16. Let Y ⊂ P 5 be a sufficiently general 4-fold cone over the curve C ⊂ Π ∼ = P 2 . Then Y ⊂ P 5 is a hypersurface of degree 2n + k − 6 that passes through the points of the set Σ \ P and does not pass through the point P ∈ Σ.
Take sufficiently general planes Π and Γ in P 5 . Let ψ : P
5
Π be a projection from the plane Γ. Put
Lemma 24. Suppose the points of Σ ′ ⊂ Π satisfy the property ∇. Then there is a hypersurface in P 5 of degree 2n + k − 6 passing through Σ \ P and not passing through P .
Proof. The proof of Lemma 23 implies the existence of a curve C ⊂ Π of degree 2n + k − 6 that passes through Σ ′ \P and does not pass throughP . Let Y ⊂ P 5 be a cone over the curve C with the vertex Γ. Then Y ⊂ P 5 is a hypersurface of degree 2n + k − 6 that passes through Σ \ P and does not pass through the point P ∈ Σ.
Perhaps the points of the set Σ ′ ⊂ Π always satisfy the property ∇, but we are unable to prove it. We may assume that the points of Σ ′ ⊂ Π do not satisfy the property ∇.
Definition 25. The points of a subset Ω ⊂ P s satisfy the property ∇ r if at most i(n − 1) points of Ω can lie on a curve in P s of degree i ∈ N for all i ≤ r.
Therefore there is a smallest r ∈ N such that the points of Σ ′ ⊂ Π do not satisfy the property ∇ r . Namely there is a subset Λ 1 r ⊂ Σ such that |Λ 1 r | > r(n − 1), but the subset
is contained in a curve C ⊂ Π of degree r. The curve C is irreducible and reduced due to the minimality of r. In the case when the points of the subset Σ ′ \Λ 1 r ⊂ Π does not satisfy the property ∇ r we can find subset Λ satisfy the property ∇ r . Now we can repeat this construction for the property ∇ r+1 and find c r+1 ≥ 0 disjoint subsets
) ⊂ Σ ′ lie on an irreducible reduced curve on Π of degree r + 1, and the points of the subset
satisfy the property ∇ r+1 . Now we can iterate this construction for ∇ r+2 , . . . , ∇ l to find disjoint subsets Λ 
Corollary 27. The inequality
holds.
In particular, Λ 
lie on an irreducible reduced curve C ⊂ Π of degree j. Let Y ⊂ P 5 be a cone over the curve C whose vertex is the plane Γ. Then Y is a hypersurface in P 5 of degree j that contains all points of Λ Lemma 32. SupposeΣ = ∅. Then there is a hypersurface in P 5 of degree 2n + k − 6 that passes through the points of the set Σ \ P and does not pass through the point P .
Proof. The set Σ is a disjoint union ∪ Proof. Suppose that t = 1. Then
by Corollary 27. Hence at most d points ofΣ lie on a line in P 2 by Proposition 22. Suppose that t > 1. The points ofΣ ⊂ P 2 satisfy the property ∇. Thus at most (n−1)t points of the setΣ lie on a curve in P 2 of degree t. Therefore to conclude the proof it is enough to show that the inequality t(d + 3 − t) − 2 ≥ (n − 1)t holds for all t ≤ d+3 2
. The latter inequality must be proved only for t > 1 such that
because otherwise the corresponding condition on the points of the setΣ is vacuous. We have
because t > 1. We may assume that the inequalities t(d + 3 − t) − 2 < |Σ| and
hold. We must show that the latter inequalities lead to a contradiction. Let g(x) = x(d + 3 − x) − 2. Then g(x) is increasing whenever x ≤ d+3 2
. Therefore the inequality g(t) ≥ g(n + k − 2 − Therefore we can apply Corollary 16 to the points of the setΣ \P ⊂ Π due to Lemmas 34, 35 and 36, which gives a curve C ⊂ Π of degree 2n + k − 6 − l i=r 5(i − 1)c i that passes trough all points ofΣ \P and does not pass throughP = ψ(P ). Let G ⊂ P 5 be a cone over C with the vertex Γ. Then G is a hypersurface of degree 2n+k−6− l i=r 5(i−1)c i that passes through the points ofΣ \ P and does not pass through P . On the other hand we already constructed the hypersurface F ⊂ P 5 of degree l i=r 5(i − 1)c i that passes through the points of the setΣ \ P and does not pass through the point P . Therefore
is a hypersurface of degree 2n + k − 6 that passes through the points of the set Σ \ P and does not pass through the point P ∈ Σ. Hence Theorem 4 is proved.
